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Abstract: The scattering problem of anti-plane shear waves in a functionally graded
material strip with an off-center crack is investigated by use of Schmidt method. The
crack is vertically to the edge of the strip. By using the Fourier transform, the problem
can be solved with the help of a pair of dual integral equations that the unknown variable
is the jump of the displacement across the crack surfaces. To solve the dual integral
equations, the jump of the displacement across the crack surfaces was expanded in a
series of Jacobi polynomials. Numerical examples were provided to show the effects of
the parameter describing the functionally graded materials, the position of the crack and
the frequency of the incident waves upon the stress intensity factors of the crack.

Key words: crack; elastic waves; functionally graded materials

Chinese Library Classification: O346.8
2000 Mathematics Subject Classification: 74J20; 74R10
Digital Object Identifier(DOI): 10.1007/s 10483-006-0603-1

Introduction

In recent years, functionally graded materials (FGMs) have been widely introduced and
applied to the development of thermal and structural components due to its ability not only to
reduce the residual and thermal stresses but also to increase the bonding strength and toughness
as well. In an attempt to address the issues pertaining to the fracture analysis of bonded media
with such transitional interfacial properties, a series of solutions to certain crack problems
was obtained by Erdogan and his associates[1,2]. Among them there are some solutions for
a FGM strip containing an imbedded or an edge crack perpendicular to the surfaces[1]; some
for a crack in the non-homogeneous interlayer bounded by dissimilar homogeneous media[2].
Similar problems of delamination or an interface crack between a functionally graded coating
and a substrate were considered in Refs.[3,4]. The crack problem in FGM layers under thermal
stresses was studied by Erdogan and Wu[5]. The steady state dynamic fracture of FGMs, under
in-plane loading with the material properties being assumed to vary along the direction of
crack propagation, was reported in Ref.[6]. The dynamic crack problem for non-homogeneous
composite materials was considered in Ref.[7] but they considered the FGM layer as a multi-
layered homogeneous medium. Experimental studies of the dynamic fracture of FGMs with
discrete property variation using photoelasticity technique were also conducted in Ref.[8]. In
spite of these efforts, the understanding of the dynamic fracture process of FGMs is still limited
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due to the mathematical complexities. To our knowledge, the dynamic behavior of FGMs with
an off-center vertical crack subjected to the harmonic anti-plane shear stress waves has not
been studied. Thus, the present work is an attempt to fill this information needed.

In this study, the scattering problem of anti-plane shear waves in a functionally graded
material strip with an off-center vertical crack is investigated by use of Schmidt method[9]. The
crack is vertically to the edge of the strip. To make the analysis tractable, it is assumed that
the shear modulus and the density vary exponentially with coordinate parallel to the crack.
Fourier transform is applied and a mixed boundary value problem is reduced to a pair of dual
integral equations. To solve the dual integral equations, the jump of the displacement across
the crack surfaces is expanded in a series of Jacobi polynomials. This process is different from
that adopted in previous works[1−8]. Numerical examples are provided to show the effects of
the parameter describing the functionally graded materials, the position of the crack and the
frequency of the incident waves upon the stress intensity factors of the crack.

1 Formulation of Problem

Consider an infinite long, thin functionally graded material strip of width 2h (2h > b),

Fig.1 Geometry of off-center crack
problem in a functionally
graded material strip

containing an off-center crack of length 2l = b−a along the
x-axis. The crack is vertically to the edge of the strip as
shown in Fig.1. The harmonic anti-plane shear waves are
vertically incident. Let ω be the circular frequency of the
incident wave. w

(j)
0 (x, y, t)(j = 1, 2)is the mechanical dis-

placement. τ
(j)
zk0(x, y, t)(k = x, y, j = 1, 2) is the anti-plane

shear stress. Also note that all quantities with superscript
j(j = 1, 2) refer to the upper half plane 1 (y ≥ 0)and the
lower half plane 2(y ≤ 0) as shown in Fig.1, respectively.
Because the incident waves are the harmonic anti-plane
shear stress waves, all field quantities of w

(j)
0 (x, y, t) and

τ
(j)
zk0(x, y, t) can be assumed to be of the forms as follows�

[w(j)
0 (x, y, t), τ (j)

zk0(x, y, t)] = [w(j)(x, y), τ (j)
zk (x, y)]e−iωt.

(1)
In what follows, the time dependence of e−iωt will be

suppressed but understood. As discussed in Ref.[10], the
standard superposition technique was used in the present

paper. So the boundary conditions of the present problem are

τ (1)
yz (x, 0) = τ (2)

yz (x, 0) = −τ0(x), 0 < a ≤ x ≤ b < 2h; (2){
τ

(1)
yz (x, 0) = τ

(2)
yz (x, 0),

w(1)(x, 0) = w(2)(x, 0),
0 ≤ x ≤ a, b ≤ x ≤ 2h; (3)

τ (j)
xz (0, y) = τ (j)

xz (2h, y) = 0, |y| < ∞, (4)

w(j)(x, y) = 0, for |y| → ∞, (5)

where τ0(x) is a magnitude of the incident wave.
Crack problems in the non-homogeneous materials do not appear to be analytically tractable

for arbitrary variations of material properties. Usually, one tries to generate the forms of non-
homogeneities for which the problem becomes tractable. Similar to the treatment of the crack
problem for isotropic non-homogeneous materials in Refs.[1–2], we assume that the material
properties are described by

μ = μ0eβx, ρ = ρ0eβx, (6)
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where μ is the shear modulus, ρ is the mass density of material. μ0 and ρ0 are two constants.
The constitutive equations for the mode III crack can be expressed as

τ (j)
xz = μ

∂w(j)

∂x
, τ (j)

yz = μ
∂w(j)

∂y
(j = 1, 2). (7)

The anti-plane governing equations for functionally graded materials are

∂2w(j)

∂y2
+ β

∂w(j)

∂x
+

∂2w(j)

∂x2
= ρ

∂2w(j)

∂t2
(j = 1, 2). (8)

2 Analysis

As discussed in Refs.[10,11], the solution of Eq.(8) can be assumed as

w(1)(x, y) =
1
2π

∫ ∞

−∞
A1(s)e−γyeisxds +

1
π

∫ ∞

0

[A2(s)e−γx + A3(s)eγx] sin(sy)ds, (9)

w(2)(x, y) =
1
2π

∫ ∞

−∞
B1(s)eγyeisxds +

1
π

∫ ∞

0

[B2(s)e−γx + B3(s)eγx] sin(sy)ds, (10)

where Ai(s) and Bi(s)(i = 1, 2, 3) are unknown functions. γ =
√−isβ + s2 − ω2/c2, c =√

μ0/ρ0, c is the shear wave velocities of the functionally graded materials. When β = 0, it
will return to the homogenous material case.

So from Eq.(7), we have

τ (1)
yz (x, y) =

−μ0eβx

2π

∫ ∞

−∞
γA1(s)e−γyeisxds +

2μ0eβx

π

∫ ∞

0

s[A2(s)e−γx + A3(s)eγx] cos(sy)ds,

(11)

τ (1)
xz (x, y) =

μ0eβx

2π

∫ ∞

−∞
isA1(s)e−γyeisxds − 2μ0eβx

π

∫ ∞

0

γ[A2(s)e−γx − A3(s)eγx] sin(sy)ds,

(12)

τ (2)
yz (x, y) =

μ0eβx

2π

∫ ∞

−∞
γB1(s)eγyeisxds +

2μ0eβx

π

∫ ∞

0

s[B2(s)e−γx + B3(s)eγx] cos(sy)ds,

(13)

τ (2)
xz (x, y) =

μ0eβx

2π

∫ ∞

−∞
isB1(s)eγyeisxds − 2μ0eβx

π

∫ ∞

0

γ[B2(s)e−γx − B3(s)eγx] sin(sy)ds.

(14)

Substituting Eqs.(12) and (14) into Eq.(4), it can be obtained

τ (1)
xz (0, y) =

μ0

2π

∫ ∞

−∞
isA1(s)e−γyds − 2μ0

π

∫ ∞

0

γ[A2(s) − A3(s)] sin(sy)ds = 0, (15)

τ (1)
xz (2h, y) =

μ0e2βh

2π

∫ ∞

−∞
isA1(s)e−γye2ishds

− 2μ0e2βh

π

∫ ∞

0

γ[A2(s)e−2γh − A3(s)e2γh] sin(sy)ds

= 0, (16)

τ (2)
xz (0, y) =

μ0

2π

∫ ∞

−∞
isB1(s)eγyds − 2μ0

π

∫ ∞

0

γ[B2(s) − B3(s)] sin(sy)ds = 0, (17)
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τ (2)
xz (2h, y) =

μ0e2βh

2π

∫ ∞

−∞
isB1(s)eγye2ishds

− 2μ0e2βh

π

∫ ∞

0

γ[B2(s)e−2γh − B3(s)e2γh] sin(sy)ds

= 0. (18)

From Eqs.(15)–(18), it can be obtained that

A2(t) − A3(t) =
it

2πγ

∫ ∞

−∞
sA1(s)

1
t2 + γ2(s)

ds = d1(t), (19)

A2(t)e−2γh − A3(t)e2γh =
it

2πγ

∫ ∞

−∞
sA1(s)

e2ish

t2 + γ2(s)
ds = d2(t), (20)

B2(t) − B3(t) = − it
2πγ

∫ ∞

−∞
sB1(s)

1
t2 + γ2(s)

ds = −g1(t), (21)

B2(t)e−2γh − B3(t)e2γh = − it
2πγ

∫ ∞

−∞
sB1(s)

e2ish

t2 + γ2(s)
ds = −g2(t). (22)

Hence, it can be also obtained that

A2(t) =
d1(t)e2γh − d2(t)

e2γh − e−2γh
, A3(t) =

d1(t)e−2γh − d2(t)
e2γh − e−2γh

, (23)

B2(t) =
g2(t) − g1(t)e2γh

e2γh − e−2γh
, B3(t) =

g2(t) − g1(t)e−2γh

e2γh − e−2γh
. (24)

From the boundary (3), Eqs.(11) and (13), it can be obtained that

−1
2π

∫ ∞

−∞
γ[A1(s) + B1(s)]eisxds

+
2
π

∫ ∞

0

s[A2(s)e−γx + A3(s)eγx − B2(s)e−γx − B3(s)eγx]ds = 0. (25)

So from Eqs.(19)–(25), we have

A1(s) = −B1(s), A2(s) = B2(s), A3(s) = B3(s). (26)

To solve the problem, the jump of displacements across the crack surfaces is defined as

f(x) = w(1)(x, 0) − w(2)(x, 0). (27)

Substituting Eqs.(9)–(10) into Eq.(27), and applying Fourier transform technique, it can be
obtained that

f̄(s) = A1(s) − B1(s). (28)

A superposed bar indicates the Fourier transform.
Substituting Eqs.(26) and (28) into Eq.(11), applying the boundary conditions (2) and (3),

it can be obtained that

μ0

4π

∫ ∞

−∞
γf̄(s)eisxds

− iμ0

2π2

∫ ∞

0

s2e−γx

γ(s)(e2γh − e−2γh)
[e2γh

∫ ∞

−∞
f̄(u)

u

s2 + γ2(u)
du −

∫ ∞

−∞
f̄(u)

ue2iuh

s2 + γ2(u)
du]ds
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− iμ0

2π2

∫ ∞

0

s2eγx

γ(s)(e2γh − e−2γh)
[e−2γh

∫ ∞

−∞
f̄(u)

u

s2 + γ2(u)
du −

∫ ∞

−∞
f̄(u)

ue2iuh

s2 + γ2(u)
du]ds

=τ0(x)e−βx,

0 < a ≤ x ≤ b < 2h, (29)∫ ∞

−∞
f̄(s)eisxds = 0, 0 ≤ x < a, b < x ≤ 2h. (30)

To determine the unknown functions f̄(s), the dual integral equations (29)–(30) must be solved.

3 Solution of Dual Integral Equations

To solve the present problem, the jump of the displacements across the crack surfaces can
be represented by the following series:

f(x) =
∞∑

n=0

anP
( 1
2 , 12 )

n (
x − b+a

2
b−a
2

)(1 − (x − b+a
2 )2

( b−a
2 )2

)
1
2 , for 0 < a ≤ x ≤ b < 2h, (31)

f(x) = 0, for 0 ≤ x < a, b < x ≤ 2h, y = 0, (32)

where an are unknown coefficients to be determined and P
( 1
2 , 12 )

n (x) is a Jacobi polynomial[12].
The Fourier transformations[13] of Eqs.(31)–(32) are⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f̄(s) =
∞∑

n=0

anQnG(s)
1
s
Jn+1(s

b − a

2
),

Qn = 2
√

π(−1)n(i)n Γ(n + 1 + 1
2 )

n!
,

G(s) = e−is a+b
2 ,

(33)

where Γ(x) and Jn(x) are the Gamma and Bessel functions, respectively. Substituting Eq.(33)
into Eqs.(29)–(30), respectively, Eq.(30) can be automatically satisfied. Then, after integration
with respect to x in [a, x], the remaining Eq.(29) reduces to

− μ0

4π

∞∑
n=0

anQn

∫ ∞

−∞

iγ

s2
G(s)Jn+1

(
s
b − a

2

)
(eisx − eisa)ds

=
∫ x

a

τ0(u)e−βudu − iμ0

2π2

∞∑
n=0

anQn

∫ ∞

0

s2[e−γx − e−γa]
γ2(s)(e2γh − e−2γh)

·

[e2γh

∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
1

s2 + γ2(u)
du −

∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
e2iuh

s2 + γ2(u)
du]ds

+
iμ0

2π2

∞∑
n=0

anQn

∫ ∞

0

s2[eγx − eγa]
γ2(s)(e2γh − e−2γh)

·

[e−2γh

∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
1

s2 + γ2(u)
du −

∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
e2iuh

s2 + γ2(u)
du]ds,

a ≤ x ≤ b.
(34)

For a large s, the integrands of the double semi-infinite integral in Eq.(34) almost have exponen-
tial forms. Thus the double semi-infinite integral in the Eq.(34) can be evaluated numerically.
So it suffices to solve Eq.(34) for the present problem by the Schmidt method[9,14−16]. These
can be seen in Refs.[14–16]. Here, they are omitted.
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4 Numerical Calculation of Intensity Factors and Discussion

The coefficients an are known, so that the entire stress field. However, in fracture mechanics,
it is of importance to determine the stress τyz in the vicinity of the crack tip. In the case of the
present study, τ

(1)
yz along the crack line can be expressed as

τ (1)
yz (x, 0)

= − μ0eβx

4π

∞∑
n=0

anQn

∫ ∞

−∞

γ

s
G(s)Jn+1

(
s
b − a

2

)
eisxds

+
iμ0eβx

2π2

∞∑
n=0

anQn

∫ ∞

0

s2e−γx

γ(s)(e2γh − e−2γh)
[e2γh

∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
1

s2 + γ2(u)
du

−
∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
e2iuh

s2 + γ2(u)
du]ds

+
iμ0eβx

2π2

∞∑
n=0

anQn

∫ ∞

0

s2eγx

γ(s)(e2γh − e−2γh)
[e−2γh

∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
1

s2 + γ2(u)
du

−
∫ ∞

−∞
G(u)Jn+1

(
u

b − a

2

)
e2iuh

s2 + γ2(u)
du]ds, a ≤ x ≤ b.

(35)

So the singular part of stress field can be expressed as follows:

σ = −μ0eβx

4π

∞∑
n=0

anQn

[∫ ∞

0

Jn+1

(
s
b − a

2

)
eis(x−a+b

2 )ds −
∫ 0

−∞
Jn+1

(
s
b − a

2

)
eis(x−a+b

2 )ds

]

= −μ0eβx

2π

∞∑
n=0

anQnHn(a, b, x), (36)

where

Hn(a, b, x) =

{ −(−1)
n
2 F1(a, b, x, n), n = 0, 2, 4, 6, · · ·

−i(−1)
n+1
2 F1(a, b, x, n), n = 1, 3, 5, 7, · · ·

(0 ≤ x < a), (37)

Hn(a, b, x) =

{ −(−1)
n
2 F2(a, b, x, n), n = 0, 2, 4, 6, · · ·

i(−1)
n+1
2 F2(a, b, x, n), n = 1, 3, 5, 7, · · ·

(b < x < 2h), (38)

F1(a, b, x, n) =
2(b − a)n+1√

(a + b − 2x)2 − (b − a)2[a + b − 2x +
√

(a + b − 2x)2 − (b − a)2]n+1
, (39)

F2(a, b, x, n) =
2(b − a)n+1√

(2x − a − b)2 − (b − a)2[2x − a − b +
√

(2x − a − b)2 − (b − a)2]n+1
. (40)

At the left tip of the crack, we obtain the stress intensity factor KL as
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

KL = lim
x→a−

√
2(a − x) · σ =

μ0eβa

π

√
1

2(b − a)

∞∑
n=0

anQnRn,

Rn =

{
(−1)

n
2 , n = 0, 2, 4, 6, · · · ,

i(−1)
n+1
2 , n = 1, 3, 5, 7, · · · .

(41)



Scattering of Anti-plane Shear Waves 737

At the right tip of the crack, we obtain the stress intensity factor KR as

KR = lim
x→b+

√
2(x − b) · σ =

μ0eβb

π

√
1

2(b − a)

∞∑
n=0

anQnR′
n,

R′
n =

{
(−1)

n
2 , n = 0, 2, 4, 6, · · · ,

− i(−1)
n+1
2 , n = 1, 3, 5, 7, · · · .

(42)

The dimensionless stress intensity factors KL and KR are calculated numerically. From Refs.[14–
16], it can be seen that the Schmidt method is performed satisfactorily if the first ten terms
of the infinite series to Eq.(34) are obtained. The crack surface loading −τ0(x) will simply be
assumed to be a polynomial of the form as follows:

−τ0(x) = −p0 − p1x − p2x
2 − p3x

3. (43)

Since the problem is linear, the results can be superimposed in any suitable manner. The
results are obtained by taking only one of the four input parameters p0, p1, p2 and p3 nonzero
at a time. The normalized non-homogeneity constant β is varied from −2.0 to 2.0, which covers
most of the practical cases. The results of present paper are shown in Figs.2–7. From the
results, the following observations are very significant:

(i) The aim of this paper is just to give an approach to solve the dynamic fracture problem
in the functionally graded materials subjected to the harmonic anti-plane shear stress waves. In
this paper, the unknown variables of dual integral equations are the displacement jumps across
the crack surfaces,not the dislocation. From the results, it can be obtained that the stress
intensity factors are dependent on the crack length, the width of strip, the material parameters
and the circular frequency of the incident wave.

(ii) The stress intensity factors increase with the increase in the circular frequency of the
incident wave until reaching a peak at ω/c ≈ 0.75 . Then they come to decrease as shown in
Fig.2.

(iii) The stress intensity factors at the left crack tip are smaller than ones at the right crack
tip for β > 0 and τ0(x) = p0 as shown in Fig.3. The stress intensity factors at the left crack
tip are smaller than ones at the right crack tip for β > 0.25 with τ0(x) = p1x and β > 0.6 with
τ0(x) = p3x

3, as shown in Figs.6–7, respectively. However, the stress intensity factors at the left
crack tip are larger than ones at the right crack tip for β < 0 and τ0(x) = p0 as shown in Fig.3.
The stress intensity factors at the left crack tip are larger than ones at the right crack tip for
β < 0.25 with τ0(x) = p1x and β < 0.6 with τ0(x) = p3x

3, as shown in Figs.6–7, respectively.

Fig.2 The stress intensity fac-
tor versus ω/c1 for h =
1.5, a = 0.1, b = 2.0, β =
0.2 and τ0(x) = p0

Fig.3 The stress intensity factor
versus β for h = 1.5, a = 0.1,
b = 2.0, ω/c1 = 0.4 and
τ0(x) = p0



738 LI Lin, ZHOU Zhen-gong and WANG Biao

Fig.4 The stress intensity factor
versus b for h = 1.5, a =
0.1, ω/c1 = 0.2, β = 0.2
and τ0(x) = p0

Fig.5 The stress intensity factor
versus h for a = 0.1, b =
2.0, ω/c1 = 0.2, β = 0.2
and τ0(x) = p0

Fig.6 The stress intensity factor
versus β for a = 0.4, b =
2.0, ω/c1 = 0.2, h = 1.5
and τ0(x) = p1x

Fig.7 The stress intensity factor
versus β for a = 0.4, b =
2.0, ω/c1 = 0.2, h = 1.5
and τ0(x) = p3x

2

(iv) As shown in Fig.4, the stress intensity factors increase with the increase of crack length.
As shown in Fig.5, it can be obtained that the variation of the strip width has the rather
insignificant influence on the stress intensity factors.

(v) The stress intensity factors at the right crack tip increase with the increase of non-
homogeneity constant β. However, the stress intensity factors at the left crack tip decrease
with the increase of non-homogeneity constant β as shown in Figs.3, 6 and 7.
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